We construct the chiral radiation transport equation for left-handed neutrinos in the context of radiation hydrodynamics for core-collapse supernovae. Based on the chiral kinetic theory incorporating quantum corrections due to the chirality of fermions, we derive a general-relativistic form of the chiral transfer equation with collisions. We show that such quantum corrections explicitly break the spherical symmetry and axisymmetry of the system. In the inertial frame, in particular, we find that the socalled side jump leads to quantum corrections in the collisions between neutrinos and matter. We also derive analytic forms of such corrections in the emission and absorption rates for the neutrino absorption process. These corrections result in the generation of kinetic helicity and cross helicity of matter, which should then modify the subsequent evolution of matter. This theoretical framework can be applied to investigate the impacts of the chirality of neutrinos on the evolution of core-collapse supernovae.
INTRODUCTION
Understanding the mechanism of core-collapse supernova explosions is one of the unsolved problems in astrophysics. When a massive star experiences collapse of the core, most of the gravitational binding energy is released in the form of neutrinos. For this reason, proper treatment of neutrino transport physics is required to account for the core-collapse supernova explosions. Since neutrinos are mostly out of equilibrium and must be treated as radiation away from the dense core of supernovae, the theoretical formulations and numerical simulations for neutrino transport are based on the Boltzmann equation, or more precisely, the Einstein-Vlasov equation under certain approximations (Castor 1972; Bruenn 1985) ; see also ; O'Connor & Couch (2018); Summa et al. (2018) ; Richers et al. (2017) ; Vartanyan et al. (2018) ; Kotake et al. (2018) ; Cabezon et al. (2018) for recent reviews and comparisons between numerical simulations. 1 However, the most fundamental property of neutrinos-left-handedness-has been neglected in the conventional theoretical formulation and simulations of radiation hydrodynamics for neutrinos.
Recently, it has been shown in Yamamoto (2016a) that the parity violation by the chirality of neutrinos can affect the macroscopic hydrodynamic evolution of supernovae in a qualitative manner. In fact, there have been growing recent interests in the study of chiral transport phenomena that originates from chirality of (generally charged) particles not limited to neutrinos. The most renowned examples are the currents induced by magnetic fields and vorticity, dubbed the chiral magnetic effect (CME) (Vilenkin 1980; Nielsen & Ninomiya 1983; Alekseev et al. 1998; Fukushima et al. 2008) and chiral vortical effects (CVE) (Vilenkin 1979; Erdmenger et al. 2009; Banerjee et al. 2011; Son & Surowka 2009; Landsteiner et al. 2011) , respectively. A remarkable aspect of these effects is its connection to the chiral anomaly, i.e., the quantum violation of the chiral symmetry in field theory (Adler 1969; Bell & Jackiw 1969) . Such anomalous transport phenomena are relevant not only to neutrinos in core-collapse supernovae, but also to a variety of physical systems such as hot electroweak plasmas in the early Universe (Joyce & Shaposhnikov 1997; Boyarsky et al. 2012; Kamada & Long 2016) , quark-gluon plasmas created in heavy ion collision experiments (Kharzeev et al. 2016) , dense electromagnetic plasmas in neutron stars (Charbonneau & Zhitnitsky 2010; Akamatsu & Yamamoto 2013; Ohnishi & Yamamoto 2014; Kaminski et al. 2016) , and emergent chiral matter near band crossing points of Weyl semimetals (Nielsen & Ninomiya 1983; Wan et al. 2011; Burkov & Balents 2011; Xu et al. 2011). 2 Nevertheless, the classical Boltzmann equation is unable to capture these chiral effects. To incorporate such quantum corrections, the so-called chiral kinetic theory (CKT) has been established. The pioneering construction started from a semi-classical derivation by introducing a Berry phase as the source of quantum corrections, which results in the modification on the free-streaming Boltzmann equation (Son & Yamamoto 2012; Stephanov & Yin 2012) . Alternatively, a field-theoretic derivation known as the Wigner function approach was applied to derive CKT despite some limited conditions (Son & Yamamoto 2013; Chen et al. 2013 ). In addition, the Lorentz invariance of the CKT was revealed and the modified frame transformation on distribution functions were introduced in relation to the so-called side-jump phenomenon stemming from the spin-orbit interaction (Chen et al. 2014 (Chen et al. , 2015 Hidaka et al. 2017; Yang 2018) . More recently, through the Wigner function approach, a generic Lorentz-covariant CKT under background electromagnetic fields with systematic inclusion of collisions was obtained (Hidaka et al. 2017 (Hidaka et al. , 2018 Hidaka & Yang 2018 ); see also Mueller & Venugopalan (2017) ; Huang et al. (2018b) ; Carignano et al. (2018 Carignano et al. ( , 2019 ; Lin & Shukla (2019) ; Lin & Yang (2020) for related recent developments. Furthermore, this derivation was generalized to curved spacetime in the case without collisions (Liu et al. 2019) . The CKT has been widely applied to investigate anomalous transport pertinent to relativistic heavy ion collisions and Weyl semimetals (Gorbar et al. 2017a; Kharzeev et al. 2017; Huang et al. 2018a; Hidaka & Yang 2018; Rybalka et al. 2019; Sun & Ko 2018) .
Given the established framework of CKT and Wigner functions with quantum corrections, in this paper, we construct the radiation transport equation for left-handed neutrinos by incorporating the effects of the chirality, which we may call the chiral radiation transport (or transfer) equation. We first derive a general-relativistic form of the chiral radiation transport equation with collisions [Equations (25) and (26)], which shows that the quantum corrections explicitly break the spherical symmetry and axisymmetry of the system. We then focus on the inertial frame as one of widely used coordinate systems for numerical simulations of core-collapse supernovae. In this case, we find that, although the free-streaming part remains unchanged from the conventional transport equation, the so-called side-jump effects lead to quantum corrections between neutrinos and matter [Equations (32) and (33)]. As a demonstration, we analytically derive the quantum corrections involving the fluid vorticity and magnetic fields in the emission and absorption rates for the neutrino absorption process [Equations (63)- (65)]. In addition, we also show that the side-jump effects modify the particle-number current and energy-momentum tensor of neutrinos through the Wigner functions [Equations (27) and (36)] and that such quantum corrections affect the energy-momentum transfer between neutrinos and matter [Equations (29) and (30); see also Equation (F45)].
The paper is organized as follows: In Section 2, we briefly review the derivation of 3D transfer equations from Einstein-Vlasov equation mainly in the inertial frame. In Section 3, we then provide an introduction and generalization of CKT and Wigner function formalism and present the quantum corrections on the energy-momentum transfer. In Section 4, we derive the chiral radiation transport equation and Wigner functions of neutrinos in the inertial frame. Section 5 is devoted to summary and outlook.
Throughout this work, we use the Minkowski metric η µν = diag{+, −, −, −}. Also, we define the Levi-Civita tensor ǫ µναβ =ǫ µναβ / √ −g, whereǫ µναβ denotes the permutation symbol and g represents the determinant of the spacetime metric with the conventionǫ 0123 = −ǫ 0123 = 1. We absorb the electric charge e into the definition of the gauge field A µ . We also introduce the notations,
only to indicate the expansion, but we will suppress other 's except for our main results in Equations (63)-(65). We will also take c = 1 after Section 4.2 and in Appendices D, E, and F, except for Equations (63)-(65).
CLASSICAL RADIATION TRANSPORT EQUATION
In this section, we review the derivation of the 3D classical transfer equation for delineating the neutrino radiation transport in the inertial frame. To make our discussion generic, we will first write down the Lorentz-covariant kinetic equation for charged particles in the presence of background electromagnetic fields in curvilinear coordinates. The kinetic equation for charge neutral neutrinos can be obtained by turning off the electromagnetic fields later.
We start with the Einstein-Vlasov equation, which is a generalized Boltzmann equation in curved spacetime or in non-Cartesian coordinates (non-Minkowski spacetime). For massless fermions, the Einstein-Vlasov equation reads
where f (x, q) is the distribution function for a quasi-particle in phase space and
with ∂ a ≡ ∂/∂x a , Γ c ab represents the Christoffel symbol, and F ab denotes the field strength for a U(1) gauge field. For the moment, we ignore the collisions on the right-hand-side of the kinetic equation, which can be further included later. Note that here q a and x a in f are independent, which is generally held in the off-shell case. Nevertheless, when implementing the on-shell condition, the derivatives with x a and with q a become entangled. To avoid the complexity, an efficient way is to introduce an orthonormal frame of local coordinates such that the x a and q a are independent under the on-shell condition. One then performs the corresponding coordinate transformation to the coordinate system (x µ , q µ ), e.g., q a = e a α (x µ )q α (x µ ) and η ab = e α a (x µ )e β b (x µ )g αβ (x µ ) via vierbeins (Lindquist 1966) . Here the Roman and Greek indices run over {0, 1, 2, 3} and {t, r, θ, φ}, respectively. Accordingly, for the Einstein-Vlasov equation, we have to apply the coordinate transformation on the Christoffel symbols,
which are called the Ricci rotation coefficients. Note that q a ∆ a is invariant under the coordinate transformation while the individual terms q a ∂ a and q a q b Γ c ab ∂ qc are not. We will now apply the equation above to the problem of neutrino transport in a spherically symmetric star to obtain the renowned kinetic equation with spherically symmetric metric shown in Lindquist (1966) . For generality, we will lift the spherical symmetry for the distribution functions and consider the general expression of a spherical symmetric spacetime metric,
which yields the following nonvanishing vierbeins, e 0 t = e Φ , e 1 r = e Λ , e 3 θ = R, and e 4 φ = R sin θ. We also keep Φ and Λ as arbitrary functions depending on (t,r ) for generality. The corresponding four-momentum satisfying the null on-shell condition can be written as
where µ ≡ cosθ. Note that here we only need three extra variables (E, µ,φ) to parametrize q α due to the on-shell condition. Considering a general case for the distribution functions f = f (t,r , θ, φ, E, µ,φ), the on-shell kinetic equation for charge neutral particles (when F µν = 0) reads
where∂ t ≡ e −Φ ∂ t and∂ r ≡ e −Λ ∂ r and we used the relations in Equation (A7) shown in Appendix A. When further imposing the spherical symmetry for the distribution functions f (t, r, E, µ), the kinetic equation reduces to the one found in Lindquist (1966) . We can directly implement Equation (6) to derive the kinetic equation in the inertial frame with the spacetime metric ds 2 = c 2 dt 2 i − dr 2 − r 2 (dθ 2 + sin 2 θdφ 2 ),
where the subscript "i" represents the inertial frame and c denotes the speed of light. By comparing Equations (4) with (7), we take
and we define the corresponding on-shell momentum,
Given f = f (t i , r, θ, φ, E i , µ i ,φ i ) in terms of the coordinates in the inertial frame, Equation (6) reduces to
which does not depends on the fluid velocity and the energy derivative. For numerical calculations, it is practical to rewrite the transfer equations into a conservative form. The conservative form of Equation (10) becomes
This expression can also be found in, e.g., Sumiyoshi & Yamada (2012) . Finally, one has to retrieve the collision terms responsible for radiation transfer in Equations (11), which will be discussed later with the inclusion of quantum corrections.
3. CHIRAL KINETIC THEORY
Wigner Functions and Kinetic Theory
In this section, we shortly review and generalize the chiral kinetic theory (CKT) for massless chiral fermions obtained from the Wigner function approach in curved spacetime. For generality, we will first consider charged particles in the presence of electromagnetic fields again, but we will focus on charge neutral neutrinos by turning off the electromagnetic fields later. As a starting point, we introduce the Wigner functions for left-handed fermions as the quantum expectation values of correlation functions in Minkowski spacetime, 3
are the lesser and greater propagators for left-handed fermions (see, e.g., Blaizot & Iancu 2002 , for a review). Here left-and right-handed fermions ψ L,R are defined as ψ L,R ≡ P L,R ψ for a Dirac fermion ψ, with the projection operators P L,R ≡ (1 ∓ γ 5 )/2. Between the field operators ψ † L and ψ L in the expressions above, gauge links are implicitly embedded to preserve gauge invariance. The dynamics of Wigner functions in phase space are then dictated by Kadanoff-Baym equations derived from the Dirac equation. Nevertheless, in order to solve Kadanoff-Baym equations, one has to further perform the expansion that is equivalent to a gradient expansion. One then perturbatively solves the Kadanoff-Baym equations for Wigner functions with the expansion up to O( ) to capture the leading-order quantum corrections and thereby derives the corresponding CKT as a modified Boltzmann equation (Hidaka et al. 2017) .
In curved spacetime, the definition of phase space becomes more subtle due to the lack of global momentum. Instead, the phase space is defined on a tangent or cotangent bundle as applied in Liu et al. (2019) for the derivation of CKT in curve spacetime (or more precisely, non-Minkowski spacetime there). For convenience, we will choose the tangent bundle with the set (x µ , q µ ) as opposed to the choice in Liu et al. (2019) . The Wigner functions and CKT may differ but the physics remain unchanged when making different choices. Now, the definition of Wigner functions becomes
where g(x) denotes the determinant of the spacetime metric. Here ψ L (x, y) = e y·D ψ L (x) and
µν y λ ∂ ν y corresponds to the horizontal lift and ∇ µ denotes the covariant derivative with respect to x µ . It turns out that the horizontal lift provides a proper covariant derivative on the phase space such thatD µ y ν = 0 andD µ g αβ (x) = 0 when A µ = 0. With this definition, Equation (13) reduces to Equation (12) in Minkowski spacetime. Despite the technical subtleties, the strategy for the derivation of CKT in the Wigner function formalism in curved spacetime is the same as that in Minkowski spacetime. One may refer to Liu et al. (2019) for more details. The lesser propagator of left-handed fermions can be parameterized asS
where σ µ = (I, σ 1 , σ 2 , σ 3 ) with I being an identity matrix and σ 1 , σ 2 , σ 3 the Pauli matrices. 4 However, in order to construct the radiation hydrodynamic incorporating the energy-momentum transfer between neutrinos and matter, it is inevitable to include collision terms, which are not considered in Liu et al. (2019) . Although a rigorous derivation of collisions in the CKT in curved spacetime might be technically more involved, we may generalize the derivation of the CKT with collisions in Minkowski spacetime shown in Hidaka et al. (2017 Hidaka et al. ( , 2018 with proper modifications upon the Kadanoff-Baym equation to the case of curve spacetime. In light of the approach in Hidaka et al. (2017 Hidaka et al. ( , 2018 ; Liu et al. (2019) , the Kadanoff-Baym equation with collisions for left-handed fermions leads to the following master equations up to O( ):
where
where D µ is the dual operator of the horizontal lift D µ in the tangent space (x µ , q µ ) when neglecting gauge fields. Also, Σ < µ and Σ > µ correspond to lesser and greater self-energies depending on details of interactions in a given system. Here can be regarded as an expansion parameter to track the quantum corrections. Equation (14) is constructed by replacing the spacetime derivatives ∂ µ by D µ in the master equations in Hidaka et al. (2017 Hidaka et al. ( , 2018 . From Equations (15) and (16), the corresponding solution up to O( ) takes the form (see Appendix B) 5
where 
denotes the spin tensor which depends on a timelike frame vector n µ (x) satisfying n 2 = 1 and δ ′ (q 2 ) = ∂δ(q 2 )/∂q 2 andF µν = ǫ µναβ F αβ /2. The frame vector n µ (x) appears as a choice of the spin basis such that n µ σ µ = I and that σ µ ⊥ perpendicular to n µ becomes σ µ ⊥ = (0, σ 1 , σ 2 , σ 3 ). That is, we define n µ = e µ 0 as the zeroth component of vierbeins (Hidaka & Yang 2018 ). However, one should note that L µ is independent of the choice of n µ . In addition, as discussed in Hidaka et al. (2017) , the O( ) corrections proportional to q µ δ(q 2 ) as the trivial solutions for Equations (15) and (16) can be absorbed into f L .
The quantum corrections at O( ) now incorporate two terms shown in Equation (18), in which the δ ′ (q 2 ) term yields the modification on the on-shell condition due to the magnetic-moment coupling in the presence of background electromagnetic fields (Son & Yamamoto 2013; Chen et al. 2014) . Although such a term vanishes for neutrinos, the other term in Equation (18) associated with the spin tensor S µν (n) , called the side-jump term, exists even without background electromagnetic fields, which then influences the neutrino transport. This side-jump term stems from the spin-momentum locking of chiral fermions under the angular-momentum conservation and it contributes to the so-called magnetization currents and CVE (Chen et al. 2014 (Chen et al. , 2015 Yang 2018) .
Note that the n µ dependence of S µν (n) implies that f L is no longer invariant under the frame transformation. Given the fact that L µ is frame independent, one can accordingly derive the modified frame transformation on f L between different 4 One can in fact construct the Wigner functions for Dirac fermions, S < (q, x), by replacing S < L (x, y) in Equation (13) with S < (x, y) = ψ (x, y/2)ψ(x, −y/2) . Based on the Clifford algebra, one may decompose the Wigner functions as, e.g.,S < = S + iPγ 5 + V µ γµ + A µ γ 5 γµ + S µν 2 Σµν , where Σµν = i[γµ, γν ]/2 and γ 5 = iγ 0 γ 1 γ 2 γ 3 (Vasak et al. 1987 ). In the massless limit, V µ and A µ are decoupled from S, P, and S µν . One may further defineS < R = P R γ µ Rµ andS < L = P L γ µ Lµ withS < R/L being the lesser propagators of right-handed/left-handed fermions. In the Weyl basis, one findsS < L = σ µ L < µ . 5 Here we ignored the contribution of antiparticles, which can be included by multiplying the right-hand side of Equation (18) by the sign of q · n.
frame choices, which is also related to the modified Lorentz transformation (Chen et al. 2014 (Chen et al. , 2015 Hidaka et al. 2017 ). More precisely, the distribution function f
Note that the frame transformation between different frames is distinct from the usual coordinate transformation between the inertial frame and the comoving frame in radiation hydrodynamics. The two different notions of these "frame transformations" should not be confused with each other. By plugging Equation (18) into Equation (14) and employing the relation
For right-handed fermions, the O( ) terms flip the signs. To delineate the transport for neutrinos, we can turn off the background electromagnetic fields. The dispersion relation for chiral fermions hence remains lightlike. In the flat spacetime such as in the inertial frame, we can further drop the term proportional to the Riemann tensor. It turns out that only the term associated with the horizontal lift acting on the spin tensor contributes to the quantum corrections. We can explicitly evaluate this term,
where we applied the property of the Levi-Civita tensor, ∇ ρ ǫ µναβ = 0, and D µ q ν = 0. For generality, we will assume a nonvanishing Riemann tensor, in which case the CKT for left-handed neutrinos is given by
are related to the emission and absorption rates via R emis = cΓ < /E and R abs = cΓ > /E, respectively. Here we also dropped the nonlinear terms in self-energies due to the weakness of the weak interaction. Note that all the quantum corrections in Equations (25) and (26) involve the Levi-Civita tensor ǫ µναβ , and hence, they explicitly break the spherical symmetry and axisymmetry of the system. This consequence may simply be understood from the fact that the chirality related to the spin degree of freedom can only be defined in genuine 3D.
Conservative Equations and Energy-Momentum Transfer
After solving the CKT and obtaining f L , we have to insert f L into the Wigner function in Equation (18) to obtain physical observables. For example, based on the definition in field theory, the particle-number current and symmetric energy-momentum tensor for left-handed fermions can be derived from the lesser propagators via
where we introduced the notation,
From Equations (27) and (18), in the absence of corrections, one easily recognizes that J µ and T µν simply reduce to taking the first and second moments of f L , respectively. In fact, the quantum corrections further affect the conservative equations responsible for the energy-momentum transfer between neutrinos and matter. As shown in Appendix C, the conservative equation for the radiation energymomentum tensor of neutrinos is given by
whereČ
Based on the energy-momentum conservation,
where T µν mat denotes the energy-momentum tensor of matter, the right-handed side of Equation (29) will accordingly modify the transport of matter. Note that Σ ≶ µ can also incorporate quantum corrections.
CHIRAL RADIATION TRANSPORT EQUATION FOR NEUTRINOS

Transfer Equation in the Inertial Frame
In this section, we will further write down an explicit expression of the transfer equation for left-handed neutrinos including quantum corrections in the inertial frame with the spacetime metric in Equation (7). Thanks to the unchanging lightlike dispersion relation, we can still apply the same momentum parametrization as Equation (5). Nevertheless, we have to choose a proper "frame vector n µ " for computational convenience yet the physics should be independent of the choice. In the inertial frame, we may take n µ = ξ µ ≡ (1/c, 0, 0, 0) such that q · n = E i . One may in general choose an arbitrary timelike frame vector for n µ , which however may cause unnecessary complication in calculations when solving for f (n) L . Recall that one can always relate the distribution functions in different frames through the "modified frame transformation" in Equation (20). Moreover, since the collision terms involve incoming and outgoing particles with different momenta, we will hereafter use extra subscripts to characterize the momentum dependence of variables and operators (e.g., f
. Taking n µ = ξ µ in the inertial frame, we have ∇ µ n ν = 0, D µ S µν (n) = 0, and R λ ρµν = 0, from which we find that the free-streaming part of the transfer equation remains unchanged from Equations (10) and (11). Moreover, the collision terms are simplified. The transfer equation in the conservative form with collisions is thus given by
where, according to Equation (26),
and
Note again that the horizontal lifts here entail the proper coordinate transformation for Christoffel symbols to handle the mixing of spatial and momentum derivatives when working in the coordinates with on-shell momenta. Since Σ ≶ ν further contain quantum corrections, we have not written down the explicit expression for collisions above. The collision terms depend on microscopic theories or models characterizing the interactions between neutrinos and matter, which will be further discussed in the next subsection. For convenience, we will hereafter suppress the superscript "(ξ)" for f (ξ) L . Moreover, the side-jump term also affects the neutrino radiation through the radiative energy-momentum tensor via the Wigner functions in Equation (18). Unlike the classical case, in particular, the energy-momentum tensor no longer corresponds to the second moment of f L in the presence of quantum corrections as mentioned in Section 3. After solving f L from the transfer equations, we have to further employ the Wigner functions to evaluate physical observables for neutrino radiation. In the case of neutrinos, we can turn off the background electromagnetic fields. Similarly to the transfer equation, the proper coordinate transformation for Christoffel symbols has to be taken care for D ν . Following Section 2, we find
Defining L µ q ≡ 2πδ(q 2 )L µ q f Lq and carrying out a straightforward computation, we obtain
One may implement the expressions for L µ q above to evaluate each component of T µν from Equation (27) with the input of f L . Note that we only have to input the leading-order O( 0 ) contributions of C µ q into Equation (36).
Details of Collisions
As mentioned previously, the collision terms depend on the underlying microscopic theory for the neutrino-matter interaction. To write down a more explicit expression of collisions and make a comparison with the classical collision terms widely applied in radiation hydrodynamics in core-collapse supernovae such as those in Bruenn (1985) ; Reddy et al. (1998) , we consider the weak interaction between neutrinos and nucleons as the matter sector. For simplicity and concreteness, we focus on the neutrino absorption on nucleons (ν L +n ⇋ e L +p) and elastic neutrino-nucleon scattering (ν L + N ⇋ ν L + N, where N = n, p) based on the four-Fermi theory of the weak interaction. In addition to taking neutrinos as chiral fermions, we will assume that electrons are ultrarelativistic and treat them as approximate chiral fermions, which also incorporate quantum corrections due to the chirality. In the following, we will write down generic forms of lesser/greater self-energies and emission/absorption rates for each process above.
To simplify the expressions mostly concerned with the quantum field theory calculations, we will take c = 1 below and in Appendices D, E, and F, except for the final results in Equations (63)-(65).
Neutrino absorption on nucleons
As the first example, we consider the neutrino absorption on nucleons
where q µ and q ′µ (k µ and k ′µ ) correspond to the four-momenta of incoming or outgoing leptons (nucleons). This process is described by the four-Fermi theory of the weak interaction, expressed as the current-current interactions,
where G F is the Fermi constant, and (j − ℓ ) µ =ψ e γ µ (1 − γ 5 )ψ ν and (j + N ) µ =ψ p γ µ (g V − g A γ 5 )ψ n are the lepton and nucleon charged currents, respectively, with g V = 1 and g A ≈ 1.27; for recent calculations of g A in lattice QCD, see Chang et al. (2018) and references therein.
By a standard calculation, one finds the self-energies for this neutrino absorption process (see Appendix D for the details),
with p µ = (k ′ − k) µ = (q − q ′ ) µ being the four-momentum transfer in scattering, M n,p the masses of neutrons/protons, f (N)< and f (N)> (N = n, p) the distribution functions of incoming and outgoing nucleons, respectively, and g ± ≡ g V ± g A . In general, the Wigner functions for left-handed electrons here also incorporate quantum corrections, which have to be solved from another quantum transport equation for chiral fermions. More precisely, we shall take
where we retain the electromagnetic fields coupled to electrons and f (e)≶ L denote the distribution functions of lefthanded incoming/outgoing electrons with n µ = ξ µ . Generically, one has to solve for f (e)≶ L from a coupled CKT governing the dynamics of electrons. Then, we have
and accordingly,
Regarding the effects of electromagnetic fields, one can further focus on an external magnetic field such thatF µν = B µ ξ ν − B ν ξ µ and F µν = −ǫ µναβ B α ξ β . In this case, Equation (43) 
where V µ ⊥ = (g µν − ξ µ ξ ν )V ν represents the component perpendicular to the frame vector ξ for an arbitrary vector V . Despite the complexity of Equation (44), we can write down the following structure based on the symmetry of the system:
where Γ (0)≶ q is the classical collision term, Γ (k)≶ q (k = 1, · · · , 4) are the quantum corrections related to the chirality of fermions, and U µ (x) is a vector characterizing local properties of the matter. The detailed structure of U µ and the coefficients Γ (k)≶ q (k = 0, 1, · · · , 4) depend on the nucleon and electron distribution functions. For instance, assuming the matter is in local thermal equilibrium, U µ corresponds to the local fluid four-velocity and ∂ β Γ
(2)≶ q contains the spatial derivatives of local temperature or chemical potentials.
Elastic neutrino-nucleon scattering
We next consider the elastic neutrino-nucleon scattering
This is described by the current-current interactions of the form
where (j ν ) µ =ψ ν γ µ (1 − γ 5 )ψ ν and (j N ) µ = 1 2ψ N γ µ (c V − c A γ 5 )ψ N are the lepton and nucleon neutral currents, respectively. Here c V = −1 and c A = −g A for N = n, and c V = 1 − 4 sin 2 θ W and c A = g A for N = p, where θ W is the Weinberg angle; see, e.g., Reddy et al. (1998) .
The self-energies for this process are given by (see Appendix D)
with c ± ≡ (c V ± c A )/2, and
Consequently, we find
which is similar to the form in Equation (44) without background fields. Nevertheless, because the neutrino distribution functions are involved in the integrand, one has to make further approximations to simplify the nonlinear terms in neutrino distribution functions. For example, the so-called isoenergetic approximation by assuming zero-energy transfer may be used (Bruenn 1985) . In this approximation, one finds Π
, as can be easily shown in thermal equilibrium with detailed balance. Therefore, one can linearize the collision term in the kinetic theory with the isoenergetic approximation as
When neglecting the quantum corrections involving the Levi-Civita tensor ǫ µναβ or the magnetic field B µ , our collision terms for both processes reduce to those presented in Reddy et al. (1998) .
Collisions with Matter in Equilibrium
In the case of core-collapse supernovae, we can assume that the matter sector consisting of nucleons and electrons is in local thermal equilibrium and can be described by hydrodynamics, since the typical length scale of interest is much larger than their mean free paths. This allows us to derive an analytic form of the collision term by employing proper approximations, e.g., for the neutrino absorption process. The computations of the quantum corrections in other processes will be reported elsewhere.
First, we assume that the fluid velocity is sufficiently small such that u µ = γ(1, v) ≈ (1, 0) = ξ µ , and hence,
Second, as we are here interested in the quantum corrections due to the vorticity ω µ ≡ 1 2 ǫ µναβ u ν ∇ α u β and the magnetic field B µ , we will ignore the viscous corrections and the gradients of the temperature and chemical potentials. Under such assumptions, we can ignore the terms ∇ {µ u ν} and u ν ∇ ν u µ , 7 and as a result, we have ∇ µ u ν ≈ ∇ [µ u ν] ≈ −ǫ µναβ ω α u β . According to Hidaka et al. (2018) , the lesser/greater propagators for left-handed thermal electrons can then be written as
where f (i)
represent the Fermi-Dirac distribution functions with β = 1/(k B T ), and T , µ i , and k B being temperature, chemical potentials for i = n, p, e, and Boltzmann constant, respectively. Here and below,Ō stands for a quantity O in local thermal equilibrium. Now the self-energies in Equation (39) become
Here we dropped the contributions of antiparticles for simplicity and work in Minkowski spacetime for the integrals. Accordingly, the absorption and radiation rates in the collision term take the form,
In the following, we will set M n ≈ M p ≈ M and adopt the nonrelativistic approximation for nucleons. We will also use the "quasi-isoenergetic" approximation that allows for the energy transfer up to O(1/M ) (see Appendix E). One then findsΣ
where |q| ≡ −q 2 ⊥ and n n/p ≡ d 3 k (2π) 3 f (n/p) 0,k are neutron/proton densities, and we decomposed the magnetic field into the longitudinal and transverse components with respect to the momentum q µ ⊥ as
Note that, while the quantum corrections due to magnetic fields are suppressed in the M → ∞ limit, those corrections due to the fluid vorticity persist even in this limit. Assembling all pieces together, taking |q| ≈ E i and restoring and c, Equation (45) in thermal equilibrium reduces to (now
Consequently, the emission and absorption rates are obtained as R emis = cΓ < q /E i and R abs = cΓ > q /E i , respectively. Finally, we discuss the physical consequences of these quantum corrections. First of all, both the q · ω and q · B terms break the spherical symmetry and axisymmetry of the system, as we already argued in a generic frame. Note also that these terms break the parity symmetry, which is a feature specific to the parity-violating weak interaction. Moreover, an important feature of the q · ω and q · B terms is that, for the neutrinos propagating collinear to the flow of matter, they can give leading-order contributions to the so-called kinetic helicity v · ω and cross helicity v · B of the matter, respectively, where ω ≡ 1 2 ∇ × v. 8 The mechanism that chiral effects of neutrinos, combined with the neutrino-matter interaction, can generate the kinetic helicity and cross helicity of the matter was previously shown in Yamamoto (2016a) in the hydrodynamic regime of neutrinos. The new collision terms above provide its generalization to the case away from equilibrium where hydrodynamics for neutrinos is not necessarily applicable. The presence of the kinetic helicity of the matter further induces magnetic helicity by the helical plasma instability (Yamamoto 2016a) , and as a result, it gives the tendency towards the inverse energy cascade (Masada et al. 2018) , which would be favorable for the supernova explosion.
In the presence of a background magnetic field B ex and/or a global rotation of the system characterized by the angular velocity Ω, we have the collision terms of the form q · B ex and/or q · Ω. These collision terms lead to the asymmetric neutrino emission with respect to the directions of B ex and Ω, respectively, which may contribute to the pulsar kick.
SUMMARY AND OUTLOOK
In this work, we have constructed the chiral radiation transport equation for left-handed neutrinos with the quantum corrections due to their chirality, mainly in the inertial frame. We have also shown the expression of the radiative energy-momentum tensor with quantum corrections via the Wigner functions. In particular, we derive the analytic forms of the emission and absorption rates including the quantum corrections for the neutrino absorption process. The formalism of neutrino chiral radiation hydrodynamics established in our work should be applied to perform numerical simulations for core-collapse supernova explosions and neutron star formation in future.
In principle, one can also develop the same formalism in the comoving frame, while a different frame vector may be chosen for computational convenience. However, even for the ordinary 3D Boltzmann equation without quantum corrections, the free-streaming part involving fluid velocity in such a coordinate system is rather complicated (Morita & Kaneko 1986; Castor 2009 ). The generalization to further include quantum corrections seems to be technically difficult in that direction.
On the other hand, in order to further explore nonequilibrium chiral transport of electrons in supernovae, one may employ a kinetic theory with quantum corrections for massive fermions that has been developed more recently (Weickgenannt et al. 2019; Gao & Liang 2019; Hattori et al. 2019; Yang et al. 2020; Liu et al. 2020) . In particular, the quantum kinetic theory developed in Yang et al. (2020) systematically includes collisional effects.
Finally, although we have focused on the chiral radiation transfer of neutrinos in this paper, our formulation here may also be extended to the radiative transfer of photons that incorporates the effects of their circular polarizations; see Yamamoto (2017) ; Huang & Sadofyev (2019) for the CKT of photons. Such a formulation would be applicable to a variety of astrophysical systems involving photon radiation. For a function f (q) with the on-shell condition q 2 = 0, we have
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Considering f (E, µ,φ), where we dropped the irrelevant spacetime dependence of f for simplicity, we also find
where we employed the relations,
which are obtained from
Comparing Equations (A1) with (A2), we derive 
we find
On the other hand, we have
where we used q 2 δ(q 2 ) = 0 and q 2 δ ′ (q 2 ) = −δ(q 2 ) in the third line. It is thus clear that Equation (18) satisfies Equation (16).
C. CONSERVATIVE EQUATIONS
We derive the conservative equation for the energy-momentum tensor in the curve spacetime. For simplicity, we consider the case without electromagnetic fields. We find
where we used integration by parts and dropped the surface terms, and employed the relation
Note that ∇ µ d 4 q = 0. Recall that the master equation with the collisions reads D · L < =Č[f ], whereČ[f ] is defined in Equation (30). We hence obtain the conservative equation for the particle-number current,
For the energy-momentum tensor, on the other hand, we start with
where we utilized the similar trick as in the case for the particle-number current. Following the trick in Gorbar et al. (2017b) ; Hidaka & Yang (2018) , we find
By using the second line of Equation (B10) without electromagnetic fields, one obtains
and consequently,
Nonetheless, the term involving the Riemann curvature tensor will vanish when integrating over momentum as
where we used integration by parts and dropped the surface terms again, and implemented the following properties for Riemann curvature tensor,
and the Bianchi identity
Similar results can be found for right-handed fermions by flipping the sign of the O( ) term. Therefore, from Equation (C15), we derive
as the conservative equation for the energy-momentum tensor. One may sometimes write the conservative equation in an alternative form. By using the Schouten identity, which states that an antisymmetric tensor of rank 5 vanishes in 4 spacetime dimensions, i.e.,
one finds
which leads to
D. COLLISION TERMS IN THE FOUR-FERMI THEORY
We can write down an explicit form of the collision terms inČ for the neutrino absorption process in Equation (37) as (50) and (41), W ≶ and W ′≶ are the lesser/greater propagators for nucleons, which we assumed to take the simple form of the free Dirac fermions,
and similarly for W ′≶ , and we ignored the anti-nucleons. Here we also defined
The self-energies then read
The self-energy for the elastic scattering in Equation (46) can be obtained by the following replacements in Equa-
We describe the details of the calculations of the self-energiesΣ
under certain approximations. We first consider the nonrelativistic limit for nucleons, where
for an arbitrary four-vector V µ . In addition, we will use |V | to represent the norm of V µ ⊥ . Then, we can approximate the following factors appearing in Equations (56), (57), and (58) as
where we used k ′ = p + k and q ′ = q − p. Following Reddy et al. (1998) , we may drop all the last terms above due to the small prefactors proportional to g + g − = g 2 V − g 2 A , while we still keep the g + g − terms proportional to u µ . Also, we will ignore the difference of neutron and proton masses and set M n ≈ M p ≈ M . Then, one may combineΣ
We next exploit the isoenergetic approximation in Bruenn (1985) by taking p 0 → 0, which in fact can be realized under the nonrelativistic approximation for nucleons. In the nonrelativistic limit, one can rewrite the following delta function as
by dropping higher-order terms suppressed by 1/M , where θ pk denotes the angle between k and p. When further neglecting the O(|p|/M ) and O(|k|/M ) terms, the delta function can be approximated as δ((k +p) 2 −M 2 ) ≈ δ(p 0 )/(2M ), which explicitly yields p 0 → 0. Nonetheless, in order to include the quantum corrections from magnetic fields, we should retain at least the O(|p|/M ) terms in Equation (E33). In contrast, we may omit the |k| cos θ pk /M term by symmetry when assuming f (p)≷ p+k only depends on p 0 + k 0 given that the nucleons are near thermal equilibrium. Physically, when M → ∞, the momentum transfer characterized by |p| is suppressed, while the magnetic field affects the momentum of the outgoing electron in scattering. Based on momentum conservation, it is hence necessary to include at least |p|/M terms for preserving the magnetic-field contribution albeit the suppression in the nonrelativistic limit. We will accordingly apply δ((k + p) 2 − M 2 ) = δ(p 2 + 2p · k) ≈ (2M ) −1 δ p 0 − |p| 2 /(2M ) as a "quasi-isoenergetic" approximation. On the other hand, for an arbitrary integrand G(p, k), one can write the integral as
where we decomposed the magnetic field as Equation (62) and
Here we applied
where B T · p = −B T |p| sin θ pq cos φ pB is also dropped by assuming |q| ≫ |p| in the derivation. 9 In the following, we will set q 0 = |q| based on the on-shell condition for neutrinos. Based on the quasi-isoenergetic approximation, further assuming f where we rewrote g ± in terms of g V,A . Here p max and p min are determined by the dispersion relation in Equation (E36) as
Using the following relations for the nucleon Fermi-Dirac distribution, 
one finds Equation (60). Additionally, we also have the collision terms associated with the fluid vorticity, q ·Σ (ω)≷ ≈ ±2π g 2 V + 3g 2 A G 2 F β(q · ω)f 
where we used ξ µ ≈ u µ and dropped the higher-order terms in |v|. We hence arrive at Equation (61).
F. CONSERVATIVE EQUATION IN EQUILIBRIUM
Let us consider the conservative equation for the energy-momentum tensor in Equation (29) when the matter sector is in thermal equilibrium. When taking n µ = ξ µ ≈ u µ , the term inČ[f (ν) L ] vanishes since now Σ ≶ µ ∼ u µ . We thus focus on the second term on the right-hand side of Equation (29). By using ǫ νµαβ q α ∇ β u µ (q · u) 2 = 2(q · u) 2(q · u) 2 ω ν − (q · u)(q · ω)u ν + (q · ω)q ν ⊥ (F42) and ǫ νµαβ q α u µ ∇ β f 
under the on-shell condition q 2 = 0, we have
from which we derive 10 ǫ νµαβ q α D β C µ [f 
where the explicit expression ofΣ (0)≷ µ can be found in Equation (60) by taking B L = 0.
10 Here the (four-)momentum derivatives in the horizontal lifts acting onΣ (0)≶ µ do not contribute, as is consistent with the physical expectation that the corrections will depend either on ωµ or Bµ in local thermal equilibrium. Technically, we find thatΣ (0)≶ µ = uµF ≶ (q · u) with F ≶ (q · u) being functions of q 0 alone, and combined with the relations Γ 0 ab = Γ c 0b = Γ c a0 = 0 in the inertial frame, the (four-)momentum derivatives lead to vanishing results after contracting with the Christoffel symbols. A similar argument is applied to uρ∇µq ρ = 0 in Equations (F42) and (F43).
